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ABSTRACT

This report concerns the time a satellite spends in the
shadow of the earth and is the result of work initiated by Gerhard
Heller as part of the thermal control assignment for the EXPLORER
satellites [4] . It deals with satellites in elliptical orbits inclined
to the earth's equator. The derivation of the equations; the form in
which they were given to the Computation Division, and the results
of a particular case are presented.
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NOMENCLATURE

Universal Time during initial perigee passage

Number of days after vernal equinox

Eccentricity of orbit

Longitude of initial perigee

Latitude of initial perigee

Inclination of orbital plane to equatorial plane

Sign of north velocity component at initial perigee (+ or -)
Time after initial perigee (days)

Radius of perigee

Radius vector to satellite

Radius of earth

Altitude of the satellite

Semi-major axis

Anomalistic period of satellite

Space-~fixed azimuth at initial perigee

True sun time at initial perigee

Angle between radius vector to satellite and radius to point
at the surface of the earth where a line from the satellite to

the earth would be tangent.

Angle between perigee and ascending node in plane of equator
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Argument of perigee
Angle between equator and ecliptic in plane of orbit

Declination of the sun with respect to the equatorial plane

‘Declination of the sun with respect to the orbital plane

‘Right ascension of sun

Right ascension of sun in plane of ecliptic

Right ascension of ascending node

Regression rate of ascending node along equator

Right ascension of ascending node in plane of ecliptic
Inclination of plane of ecliptic to plane of equator
Inclination of orbital plane to ecliptic plane

Angle between perigee and the twilight line in plane of orbit
Angle between twilight line and perigee in plane of orbit

Angle between the intersection of the great circle perpendic-
ular to the sun with the orbit and with the equator

Angle between the plane of the orbit and the great circle per-
pendicular to the sun

Angle between twilight line and ingress (X;) or egress (X,)
in plane of orbit

Point in orbit nearest shadow axis
Projection of point, m , onto shadow axis

Projection of ingress point onto axis of shadow cylinder



True anomaly of any point in orbit

‘True anomaly of egress (v, ) or ingress (v, )

-Eccentric_anomaly of egress ( E, ) or ingress (E,)

Mean anomaly of egress (M,) or ingress (M,)

Per cent time satellite spends in sunlight during each
revolution

Angle between perigee and sun in plane of orbit

Angle between ascending node and sun in plane of orbit

‘Time from ascending node to egress

Time from, ascending node to ingress
Time from ascending node to perigee

Constants used in first terms of a series relating to the
oblateness of the earth [2]

Constant from Kepler's third law
Mean angular motion of the earth around the sun
Equation of time at the vernal equinox [3]

Constants used in first terms of a series converting mean
anomaly into true anomaly

True longitude of sun at perihelion can be expressed as a
function of the year as shown in the calculations
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1. INTRODUCTION

As a satellite travels around the earth in an elliptical orbit,
it usually passes through the earth's shadow some time during each
revolution, depending on the characteristics of the orbit (Fig. 1). The
percentage of time that a satellite spends . in the earth's shadow during
each revolution can vary from 40 to O per cent. This shadow passage
is very important since it affects either directly or indirectly the
temperature of the satellite (Figure 2), the power supply of the satellite
(if it is a type that utilizes solar energy), the tracking by visual means,
and the experiments themselves. The per cent time spent in the shadow
during each revolution is a function of the orbital elements and is con-
tinually changing due to the motion of the earth about the sun and the
various perturbations on the orbit, primarily those caused by the oblate-
ness of the earth.

Section 2 contains the derivation of equations used to calculate
the per cent time spent in shadow or sunlight during each revolution,
and other useful information.

In Section 3, the equations are presented step by step, just
as they were given to the Computation Division for programmaing.

Section 4 gives some of the results of the computer program.
2. DERIVATIONS

Here, equations are derived for calculating the amount of
time spent in shadow, the points . in the orbit where the satellite enters
and leaves the shadow and other information using the following data:

(1) the eccentricity, inclination, and radius of perigee
of the orbit;

(2) the latitude, longitude, and time of a perigee pas-
sage; and

(3) whether the satellite is traveling north or south
at perigee.



Fig. | Satellite orblt showing passage ﬂuopoh shadow.
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The motion of the earth about the sun and the perturbations
on the orbit caused by the oblateness of the earth are also included
so that computations can be made for as many days after the initial

perigee as the orbital elements, e, Rp, and i, can be considered
unchanged.

From Figures 3 through 9, we can obtain the relationship:

cos S’= cos 6a cos Xl

since

Se = 90 - Ba
and

X1 = 90 - X.
then

sing = cos b, sin X,

or
sin X = _SinB, for ingress [1].
cosd,

The same is also true for egress so that

sinB

sin 'xl = ._____61
cos

1

We shall now derive the equations necessary to express the

equation, sin X = sin B /cos &, as a function of T, Dy, e, LON,
LAT, i, Rp, and S

Now cos B = R,/R so thatsinf = 1 9




TINGRESS

Fig. 3 Plane of shadow axis and radius vector to ingress

point.

_EGRESS

Fig. 4 Plane of shadow axis and radius vector fo egress

point.




Fig. 5 Plane of shadow axis and radius vector to satellite ot
point m, in plane of orbit nearest shadow axis.
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Fig. 6 Plane of orbit.
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From Kepler's equation,

R = agl-eﬂ

1+e cosé@
R
_ P
where a = T
so that
R 2l 1+ e cosé@
p 1+e

and, therefore,

\/ (Ro\8 l1+ecosvli®
.RP, l1+e )

sin X =
cos b

From Fig. 10,

sind = sinjsin (g - Lg).
From Fig. 11,

cosj = cosicose€ + sinising cos Q
and cos Q@ = cos E;, cos Q -sinEj sinQcos i
where sin E_ = sine sinQ/sin j
and Q = Qo + Qt
where [2]
Q@ =

LI P 10 e (142 ? ginti
- -f;- 0S8 1 [Kma+ [RE.(I‘F—C)T( +2 es)(l-ZSI 1) ,




ECLIPTIC
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Fig. 10




ORBIT

EQUATOR

Fig. 1l
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where

Q = -ir_ si
o tan~"[- sin (LAT) tan z]

6, = 15 (H, - 6)

. -2 cos i
Z = 8in —_—
[cos LAT]

LON K.Dy-%, + K
15 15 s

and

Also, H, = T, -
where the term K, Do-a°/15 + K, is used to convert mean solar
time into true solar time.
From Fig. 13,
a@ = tan~* [tan Lg cose ]

where

Lg = K, (D+77) + K, sin [ K, (D + 77)]

+ K, sin 2[K, (D+77)J- (360 - K,)

From Fig. 6, it can be seen that

<
1

@ - 180 + X,

v=¢-‘xl,

11



'GREAT CIRCLE
PERPENDICULAR
TO SUN
4
CPERIGEE g
LAT
20°
y T EQUATOR
360-0y,  sSUN PROJECTED
a,
Fig. 12
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Fig. I3
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and from Fig. 12,

@ = cos”'[cos Bcos(a- Q - 90)
+ sinBsin(a - Q - 90)sin Y] -w,

where

Si a- - 90
B =sin™?|sin i in ( 90)

. P
sin z
» -1 . . . .
z°= cos™ {-cosisiny +[sinicosy

cos (a- Q -90)]} .

From Fig. 13,

Y = sin"* [sin€ sina] .

1 3 2.
B 3 [Rp(1+e)Jz (1 - > sin® i)

K 3
+ 10 m‘(l + —‘::-ez)(l -5 sin®i+ 8—5 sin*i) -8 cos i ,

and from Fig. 12,

w = 360 -tan™ [ tan LAT ]

cos (180 - z)

13



Using these equations, we are able to express the original
sin X =sin B /cos b , as a function of the parameters, Ty
, and S only. This equation is trans-

equation,
r by graphical means.

D,, e, LON, LAT, i
cendental; it may be solvec? by iteration o

After solving for the angles X; and X, , we can obtain the
true anomaly of egress and ingress by the relationships:

¢ - X,

<
1}

@ - 180 + X, ,

Vs

from which we can obtain the eccentric anomaly by

E=2tan"? tan —— 1,

and then the mean anomaly by

M=E - e sinE,

which can give us the per cent time the satellite spends in sunlight per

revolution, Tx
M, - M
T = | —=2 % 100
x 360

The time it takes for the satellite to go from the ascending

node to perigee may be calculated by

14




where

L and the time from ascending node to ingress and\egress

P
Ty = T_+ — M,

p Zm
_ P
Tg = Tp + 3 M,

“"We can calculate other angles which are useful, such as the
angle between the ascending node and the projection of the sun in the
plane of the orbit,

AS = tan~" [tan (Lg - 9g) cosj

. -1 sin € sin &
+ sin ’

sin j

the angle between the perigee and the projection of the sun in the plane
of the orbit,

PS = AS -® |

and the angle between the sun and the plane of the orbit,

_ . -1 .. .
& = sin™™* [sinj sin (QG-LG)J .

15



3. COMPUTATION

Presented here are the equations as they were given to the
Computation Division and programmed on the IBM 7090 by Mrs. Billie
Robertson.

ORDER OF CALCULATION

1. P= PRy e)
2. z = z(i, LAT)
3. w, = w,(LAT, z)
4. Lg = Lg(D, Dy, t)
5. a = a(Lg, €)
6. Hy = Hy (D, @y, T_, LON)
7. 0, = 0, (H,)
8. Qooz Qoo (LAT, z)
9. 8, =Qo(goo'ao’°9)
10. v =v(¢, a)
11. 8=8 (G, e, R_,P)
P
12. ® = & (i, e, Ry, P,8)
13. Q@ =Q(9,, 8,1t )
14, @ = o(w,, @, t)
15. 2" = z°i, y,a, Q)
16. B = B(i,a,Q, z°)

16




17.
18.
19.
20.
21.
22,
23.
24.
25.
26.
27.
28.
29.
30.
31.
32.

33.

¢=¢(B,a,Q,y,n)

AS = AS (Lg, 9, j, €, @) j=jl, €, Q) Q=8(2, 1, j)

9
Xi‘a = X:.,a-(Ro’ Rp, e, J, Qg, LG)’ 2, xl,z)

v, =v(9, X,)

PR
Ve = Yy (8. %)
E, = E,(e, %)
E, = E_(e, V)

M1 = M1 (E:_t e )
Mz = M,(E,;, e )
Tx = Tx (Mi ’ Ma )
T = T ) =
TI = Tl (Tp’ P! Mg)
TE = Tg (Tp’ P, M,)
PS = PS (AS, ®)
6 = i
8, 9y, Ly)
LAT p= LAT p (i, ® )

PRINT

17



T, Universal Time during initial perigee passage (hours)
D, Days after varnal equinox
e Eccentricity
LON Longitude of initial perigee ( ® west)
LAT Latitude of initial perigee
i Inclination of orbit
Rp Radius of perigee (km)
S Sign of north velocity component at perigee (+ or -)

+ other constants which will be the same in all cases.
1. Calculate period, P

- €

- R, 1%
P = (2.76410°%) ["T‘L] hours

2. Calculate space-fixed azimuth of perigee, z

. 4] cosi .
zZ = sin ———— 1! radians
cos LAT

where z is in the first quadrant

if S is +
and in the second quadrant
if S is -

18




3. Calculate argument of perigee, ®

o at t=0
_ tan LAT
® =7 -tan”? radians
© cos (180 - z)
where the ' tan™* " must be in the first or second quadrant

if LAT is positive, and in the third or fourth quadrant if
LAT is negative.

4. Calculate right ascension of sun in plane of ecliptic, Lg

Lg = - 9856(D+77) + 1. 9481 sin [.9856(D+77)]

+.0207 sin 2 [.9856(D+77)]- (360- K,)

h D=D t +
= + ———
where

and t is the number of days after Do’

Lg will be in degrees.

The term (360 - K ) may be expressed as a function of the
year, as follows:

[90°(year -1) ]

(360 - K ) = 77.6° + T

where the angle [90° (year - 1)] must be placed in the first
revolution.

5. Calculate right ascension of sun in plane of equator, @ @ is
a for t = 0.

a =tan"? [tan Lg cose ] radians

€ =23.45
where a is in same quadrant as Lg

19



6.

10.

Calculate true sun time at perigee, Hj

~ LON |\ (. 9856 Do - %)
Ho = {To " 715 |* 15

- .125 hours

where the value of K for 1958 is -0. 125.

Calculate the angle between the twilight line and perigee in plane
of equator, o,

o, =15 (H, - 6)

(o]

Calculate the angle between perigee and ascending node in plane

of equator, Q.

Qoo = tan™*[- sin(LAT) tan z ] radians

where Qoo is in same quadrant as 2n - o, .

Calculate right ascension of ascending node in plane of equator,

90 at time t=0.

Q = Qoo+ao+00- — radians

Calculate the angle between the sun and the equator, Y

N R . .
Y = sin  [sin € sin a] radians

where Y is in the first or fourth quadrants.

20




11. Calculate the regression of the ascending node, Q (rad/day)

2n , K Ks 3
= o S 4 — — 2
o] P(Z)C0513p3+10p4(1+2e)
(1 --4—sin2 1)
where K, = 2.22256 x 10*

K, = 1.580570 x 10°

T = R_(1+

3 p (1 +e)

12. Calculate the advance of perigee, @

& = 3’-‘-(24)[35&(1-—3—sin2 i)
P pr 2

+ 10 %(1 +—i—e‘)(1-551r?i +-3§5—sin‘i)]

radians

(cos i)(Q) day

13. Calculate right ascension of ascending node in plane of equator,

Q = Q, ¢ Qt degrees

14. Calculate the argument of perigee,

w = wy t wt degrees

15. Calculate the angle between the plane of the orbit and the twilight
line, z°

z* = cos *[-cos i siny+ (sini cosy

cos[a- Q -90] }Jradians

where z° is in the first or second quadrants

21



16. Calculate angle between orbit and equator in plane of twilight
line, B

B = sin—l[sin j -sin(a ~ 2 — 920) ]radians
sin z

where B is in the first or fourth quadrants.

17. Calculate angle between perigee and twilight line in plane of
orbit, @

$ = cos™* [cos B cos (a-2 - 90)
+ sin B sin(ax -2 - 90 )sin v]-w radians
Reduce to first revolution.

Set (¢ - - 90 so that it is between 0° and 360°, then:

f0< (x-9-90)< 180

the " cos™®'" is in the lst or 2nd quadrant
if 180 < (a -8 -90)< 360

the ""cos™ " is in the 3rd or 4th quadrant

18. Calculate angle between ascending node and the projection of the
sun in plane of orbit, AS

AS = tan™ [tan (Lg - QQ) cos j]

+ sin~t sin € sinQ]
sin j J

where the tan~? is in the same quadrant as (L@ - Q)

and sin~?! is in the first or fourth quadrants,

22




19.

tion:
function of

and where

. -1 . . - .
j=cos " [cosi cos€ + sini sinecosQ ]

where
cos~™® must be in the first or second quadrant.

Also,
9@ = cos *[cos E, cos Q- sinE  sinQ cos i ]
and
Q - sin-t sinQ sin i
0 sin j
where E = & -1 [ sin € sin Q ]
o - R ..
sin j

if 1> g, then Eo is in the first or fourth quadrant.

Calculate X1 and X2

Rg (1 + e cosv) €
I’[Rp(l+e)

sin X S
1,2 T e
I - sin? j sin® (Q0 - Lg)

¢ - X3

S
L2}
el
<
il

X, v=98+X,+180

the sin™ is in the first quadrant.

This equation is solved by iteration using the following informa-
if the right and left side of the equation are each plotted as a
X, as ‘X goes from 0° to 90°, it will be noted that the

23



curve for the right side starts above the curve for the left side, and if
there is a solution they will intersect before they get to 90°. If there
is no solution, then X, and X, should be set equal to 90°.

20.

21.

22,

23.

24.

Calculate angle between perigee and point of egress (true anomaly
of point of egress), v,

reduce to first revolution.

Calculate true anomaly of ingress, V,

v, = @ +180+ X,
reduce to first revolution.

Calculate eccentric anomaly of egress

E, = 2tan"" ‘\/ ;;e tan -\:;— radians
e

where '"tan™ " is in the same quadrant as V,/2.

Calculate eccentric anomaly of ingress

- v
Ep,= 2tan™ \P tan —2-1- radians
+ e

where '"tan™ ' is in the same quadrant as v, /12 .
Calculate the mean anomaly of egress, M,

M1=E1 - e sin E1

24




25.

26.

27.

28.

29.

30.

Calculate mean anomaly of ingress, M 2

M’3 = Ez - e sin Ez radians
Calculate T
x
M -
for Mi<M, T = (—’i‘l—) 100
x 2%

(Ma - M1+ 27)
2m
if |M, - M,|<.001 radian

for M >M, T, = 100

set Tx = 100

Calculate time from ascending node to perigee in minutes,

P
= — O r - 1
TP > (60) Ep e sin Ep]
here E, = 2tan~* N1 S tan -2
where E, = an 1o an —

1

and tan " is in the same quadrantas ® /2.

Calculate time from ascending node to ingress,

T, =T + P

I o * ow (60) M,

Calculate time from ascending node to egress,

P
TE = TP + ﬂ'(éO) Ml

Calculate angle between perigee and the projection of the sun in

plane of orbit, PS

PS = AS-w

25



31.

32.

33.

Calculate angle between sun and plane of orbit, &

6 = sin* [sin j sin (Q4 - LQ)] radians
where 5 is in the first or fourth quadrant.

Calculate latitude of perigee, LAT P

LAT P = sin"[sin i sinw ] radians
where LAT P is.in the first or fourth quadrant.
Print initial conditions.

To must be varied from Ti to T; in steps of AT.
For each "T, " t varies from 0 to t; in steps of At .

For each step of t all calculations, 1 through 32, must be
done except 1,2,3,6,7,8,9,11, and 12.

For each t print:

Day - (t)

AS -
d -

Q-

m—
LAT P -

26




4. RESULTS

Some results from the computer program, particularly Explor-
ers VII and VIII, are given using the initial orbital data and assuming
that the orbital elements (R, e, and i) do not change appreciably during
the period of time for which the calculations were made.

A page of the computer printout together with the nomenclature.
follows and Figures 14 and 15 show the plotted results. The time is
referenced to the ascending node because, generally, the times of nodal
crossings are readily available.

One immediate use for this type of graph is in the tracking of
the satellite. A tracking station in a fixed geographic position can
"see'' only a certain part of the orbit. The two lines on each of the
graphs show the part of the orbit which could usually be seen by the
Huntsville tracking station some time during each day. By using this
type of graph, the tracking station could be told what days to track in
order to obtain such points of interest as ingress, egress, or perhaps
both, as well as any other part of the orbit [5] .

When analyzing data from a satellite, it is only necessary to
know the time the data was taken and the time of the last ascending
node to obtain the position of the satellite with respect to the earth's
.shadow and perigee.

Preliminary studies with this type of data allow the selection
of the satellite launch time to permit a certain control over the shadow
passages of the satellite. This is extremely useful when one considers
the previously discussed points.

27
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NOMENCLATURE FOR COMPUTER RESULTS

Initial Conditions

) TO = Universal Time during initial perigee passage

! DO = Number of days after vernal equinox of initial
perigee passage

-ECC = Eccentricity of orbit

LON = Longitude of initial perigee (° W)

LAT = Latitude of initial perigee |

1 = Inclination of orbit

S = Sign of north velocity component at initial

perigee (+1 or -1)

RP = Radius of perigee (Km)

TMAX Number of days to be run
DT = Number of days per increment

Output for each increment (all angles given in degree measurement)

T = Number of days from initial perigee
TX = Per cent time satellite spends.in sunlight per
orbit
" TP = Time from ascending node to perigee in minutes
-T1 = Time from ascending node to ingress in minutes
TE = Time from ascending node to egress in minutes
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AS

DELTA

OMEGA

LATP

PS

Addition output for

e

Angle between ascending node and sun in plane
of orbit

Angle between sun and plane of orbit

Right ascension of ascending node in plane of o
equator

Argument of perigee
Latitude of perigee

Angle between perigee and sun in plane of orbit

first increment only

El

E2

Vvl

V2

Ml

M2

X1

PHI

LC

ALPHA

GAMMA

Eccentric anomaly of egress
Eccentric anomaly of ingress
True anomaly of egress

True anomaly of ingress
Mean anomaly of egress
Mean anomaly of ingress

Angle between egress and the twilight line in
plane of orbit

Angle between perigee and twilight in plane
of orbit

Right ascension of sun in plane of ecliptic
(longitude of sun)

Right ascension of sun in plane of equator
Angle between the sun and the plane of the

equator
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-

OMDOT

WDOT

P

HO

SIGMA

OMOO

OMEO

ALPO

wO

Regression rate of the ascending node in
degrees per day

Advance rate of argument of perigee in degrees
per day

Angle between plane of orbit and the twilight line

Angle between orbit and equator in plane of twi-
light line

Period from ascending node to ascending node
(hours)

Space-fixed azimuth of perigee
True sun time at perigee

Angle between twilight line and perigee in plane
of equator

Angle between perigee and ascending node in
plane of equator

Right ascension of ascending node in plane of
equator

Right ascension of sun in plane of equator

Argument of perigee initially
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